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Abstract: The “new” property of finite fields given by Wei Baodian et al. is a
well-known fundamental result in finite field theory.
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The recent letter of Wei Baodian et al. [5] states that the authors have “found
a new property of finite fields that has not been discussed in the classical works
on finite fields (e.g. [1, 2])”. Unfortunately, this so-called “new property” is
a well-known basic property of finite fields, and the main result of the paper
(Theorem 4) is an imprecise statement of a standard finite field result.
Suppose θ is a primitive element of the finite field F = GF (pn ), an extension of degree n over K = GF (p). Any element x ∈ F can be expressed
Pn−1
as x = i=0 xi θi . The problem considered by Wei Baodian et al. [5] is the
determination of a polynomial Gi : GF (pn ) → GF (p) such that Gi (x) = xi
(i = 0, . . . , n − 1). The authors claim this problem has not previously been
discussed, and give a solution to this problem in their Theorem 4, the crux of
their paper.
k
Theorem 4: Gi (x) contains and only contains items of the form xp , k =
P
k
n−1
0, 1, . . . , n − 1, i.e. Gi (x) = i=0 ci,d xp .
However, this is a well-known result concerning the trace function. The trace
n−1
function T r : F → K is the sum of conjugates, so T r(z) = z + z p + . . . + z p ,
and is the fundamental additive mapping of the finite field F . Theorem 4 is the
basic property of the trace function and is well-known. For example, Lidl and
Niederreiter [1] give the following (paraphrased) result.
Theorem 2.24: Let F = GF (pn ) be a finite extension of the finite field
K = GF (p), both considered as vector spaces over K. Then the linear transformations from F into K are exactly the mappings Lβ (x) = T r(βx).
The mapping of x = (xn−1 , . . . , x0 ) ∈ F to xi ∈ K is certainly a linear
transformation from F to K. Thus Theorem 2.24 in one of the “classical works
on finite fields” tells us that it can be expressed as a trace function, and so
immediately gives Theorem 4 of Wei Baodian et al. [5] :
xi = Gi (x) = T r(βx) =

n−1
X

i

i

β p xp for some β.

i=0

Indeed, the use of such a trace representation of a “component” of a finite field
element is a basic technique for the analysis of stream ciphers based on linear
feedback shift registers [3].
The observations of Wei Baodian et al. [5] about the Rijndael S-Box thus add
nothing to the discussions of Murphy and Robshaw [4] concerning the GF (2)linear mapping of the S-Box and its linearized interpolation polynomial.
Conclusion. The claim by the authors of [5] to have found a new finite field
property is unfounded.
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