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Abstract

Negative avoiding sequences of span n are periodic sequences of
elements from Zj, for some k with the property that no n-tuple occurs
more than once in a period and if an n-tuple does occur then its nega-
tive does not. They are a special type of cut-down de Bruijn sequence
with potential position-location applications. We establish a simple
upper bound on the period of such a sequence, and refer to sequences
meeting this bound as mazimal negative avoiding sequences. We then
go on to demonstrate the existence of maximal negative avoiding se-
quences for every k > 3 and every n > 2.

1 Introduction

The main focus of this paper is a special class of infinite periodic sequences
with elements from Zj, for some & > 2 — which we refer to as k-ary se-
quences. We are concerned with n-tuples (or factors), i.e. ordered strings of
n symbols, that are equal to n consecutive symbols from a sequence. We refer
to an n-tuple occurring in a sequence if the n-tuple equals n consecutive sym-
bols occurring somewhere in the sequence; analogously we refer to a sequence
containing an n-tuple if that n-tuple occurs somewhere in the sequence. For

a sequence S = (s;) and n > 1 we write s,(7) = (Si, Si+1,-- -, Si+n—1), for
the n-tuple corresponding to a substring or factor of n consecutive symbols
occurring in the sequence at positions 7,7+ 1,...,7+n — 1.

If a sequence S = (s;) has period m then we represent the sequence as
[S0, 81, -+, Sm—1], 1.e. a single period of the sequence contained in square
brackets. In much of the literature [sg, s1,. .., Sm—1] is described as a cycle.

We refer to the sequences studied here as Negative Avoiding Sequences
(NASs). Informally, a Negative Avoiding Sequence of span n is a periodic
sequence of elements from Zj; for some k > 2, with two special properties:

e every possible n-tuple of length n occurs at most once in a period of
the sequence; and
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e if an n-tuple a = (ag, a, . . ., a,—1) occurs in the sequence, then (—ag, —ay, ..., —an—1)
does not occur in the sequence.

More formally, we can make the following definitions.

Definition 1.1 ([3]). A k-ary n-window sequence S = (s;) is a periodic
sequence of elements from Z; (k > 1, n > 1) with the property that no
n-tuple occurs more than once in a period of the sequence, i.e. with the
property that if s, (i) = s, (j) for some ¢, j, then ¢ = j (mod m) where m is
the period of the sequence.

Remark 1.1. A binary n-window sequence is also known as a cut-down de
Bruijn Sequence — see, for example, Jackson et al. [I1, Problem 477] and
Cameron et al. [6].

Note that the well-studied de Bruijn sequences of span n (see, for example,
[13, Section 7.2.1.1]) are simply n-window sequences in which every possible
n-tuple occurs exactly once in a period. Such sequences clearly have period
k™.

We now make the following key definition.

Definition 1.2. Suppose £k > 3 and n > 1. If a = (ag,a1,...,a,-1) is a
k-ary n-tuple, then we define its negative in the obvious way, i.e.

—a = (—CL[), —ai,..., —an,l).

The special class of n-window sequences of interest here can now be defined.

Definition 1.3. Suppose & > 3 and n > 2. A k-ary Negative Avoiding
Sequence (NAS) of span n is an infinite periodic n-window sequence S = (s;),
1 > 0, with elements from Z; with the property that if the n-tuple a occurs
in S, then —a does not occur in S. We refer to such a sequence a N ASy(n).

If a k-ary n-tuple a satisfies a = —a then we call it self-negative. Clearly a
NASg(n) cannot contain any self-negative n-tuples.

The remainder of the paper is structured as follows. Motivation for the
work and background definitions are provided in Sections 2] and [3] This is
followed in Section 4] by an upper bound on the period of negative avoiding
sequences. Results establishing the existence of maximal period negative
avoiding sequences are provided in Sections[5] [6|and [7] The paper concludes
in Section |8 with a summary and a discussion of open research questions.

2 Motivation and related work

De Bruijn sequences have a range of real-world applications, ranging from
position location on a linear track or rotating shaft [4, [5, 19, 21, 25], to



genome assembly [8]. As observed by Cameron et al. [6], ‘for some applica-
tions it may be more convenient to produce a cycle of arbitrary length such
that there are no repeated strings’, i.e. an n-window sequence of a particular
period that derives from the specifics of the application.

A number of authors have considered the problem of constructing n-window
sequences with particular properties. Jackson et al. [I1I, Problem 477] ob-
served that a binary n-window sequence exists for every possible period m
satisfying n < m < 2". Ruskey et al. 23] showed that a binary n-window se-
quence can be constructed containing all n-tuples with weights in the range
[a,b] as long as 0 < a < b < n, and such sequences were further studied by
Li et al. [I5].

Sequences containing only n-tuples with specified weights are a particular
example of what are sometimes known as ‘de Bruijn sequences with forbid-
den subsequences’, as for example examined in the binary case by Penne [20]
and for arbitrary alphabets by Alhakim [I]. Tan and Shallot [24], studied
the more general problem of the existence of sequences containing only the
members of a pre-specified set of n-tuples, where they allow such n-tuples
to occur multiple times in a period. These are all examples of Universal
cycles [7], i.e. periodic sequences in which all elements of a particular set of
n-tuples occur precisely once in a period.

The sequences we consider in this paper are closely related yet distinct
from those previously examined. That is, we consider the case where the
n-tuples are divided into pairs (an n-tuple and its negative) and we only
permit at most one of each pair to occur in a sequence. Such a sequence
might have application in a position-location case where it is difficult for a
reader to distinguish between an n-tuple and its negative. These sequences
are closely related to orientable [9), (18] and negative orientable sequences
[16], which are also periodic n-window sequences in which the n-tuples are
divided into pairs and at most one of each pair is permitted to occur in a
sequence; the only difference is how the ‘pairing’ function is defined.

3 The de Bruijn graph and the Lempel homomor-
phism

Before proceeding we need to introduce certain key concepts which we use
in the remainder of the paper.

3.1 The de Bruijn graph

Following Alhakim et al. [3], for positive integers n and k greater than one,
let Z be the set of all k™ tuples of length n with entries from the group Zj,



of residues modulo k.

Definition 3.1. The order n de Bruijn digraph, By (n), is a directed graph
with Z} as its vertex set in which, for any two vertices x = (zg, z1,...,2Zn—1)
and y = (Y0,91,.--,Yn—1), the pair (x,y) is an edge if and only if y; = z;41
for every i (0 < i < n —1). We label such an edge with the (n + 1)-tuple
(1’0, TlyeeeyTp—1, yn_l).

Note that we have defined two ways of specifying an edge in B (n), namely
as either a pair of vertices (x,y), where x,y are k-ary n-tuples, or as a single
k-ary (n+ 1)-tuple z.

Definition 3.2. An Fulerian digraph is a connected digraph for which every
vertex has in-degree equal to out-degree — this latter property characterises
a balanced digraph.

The name derives from the fact that there exists an Eulerian circuit, i.e.
a path visiting every edge once, in a digraph if and only if the digraph
is Eulerian — see, for example, Corollary 6.1 of Gibbons [I0] or Knuth
[12) Section 2.3.4.2, Theorem G]. Moreover, there are simple and efficient
algorithms for finding Eulerian circuits — see for example [10, Figure 6.5]
or [12] Section 2.3.4.2, Theorem D].

3.2 Antinegative subgraphs

It is straightforward to verify that there is a correspondence between a k-ary
de Bruijn sequence of order n and a directed Eulerian circuit in Bg(n — 1),
in which consecutive edges in the circuit correspond to consecutive n-tuples
occurring in the sequence. Inspired by this correspondence, and following
[18], we next describe a correspondence between negative avoiding sequences
of span n and Eulerian circuits in subgraphs of By(n — 1), where these sub-
graphs satisfy certain special properties. If we can then construct subgraphs
with these special properties which admit Eulerian circuits then we have a
simple method of generating negative avoiding sequences. Note that the
graphs we are concerned with here are an example of Rauzy Graphs [22].

Definition 3.3. Suppose T is a subgraph of the de Bruijn digraph By (n)
for some n > 2 and £ > 2. T is said to be antinegative if, given vertices
x = (20,21, ., Zn-1),¥Y = (Y0, Y1, -, Yn—1) € Z} where (x,y) is an edge in
T, then (—x,—y) is not an edge in T

Definition 3.4 (Definition 3.2 of [18]). Suppose S is a periodic k-ary n-
window sequence of period m for some n > 2, k > 2 and m > 1. Then the
edge-graph E,(S) of S is defined to be the subgraph of By(n — 1) whose



directed edges correspond to n-tuples occurring in a period of S, i.e. with
edge set
{sp(i) : 0<i<m-—1}

and whose vertices are those vertices of Bi(n — 1) that have in-degree at
least one.

We can now state a key lemma.

Lemma 3.1. Suppose S is a k-ary periodic n-window sequence. Then S is
an NASy(n) if and only if E,(S) is antinegative in Br(n — 1).

Proof. Suppose S is an N ASi(n). Then, by definition, s, (i) # —s,(j), for
any 4, j. Hence, again by definition, this means that a # —b for any edges
a,b in E,(S). Hence E,(5) is antinegative.

Now suppose E,(S) is antinegative, and hence a # —b for any edges a, b in
E,(S). Thus, s,(i) # —s,(j), for any 7,7, and so S is an N ASk(n). O

This enables us to give our main result.

Theorem 3.2. If S is an N ASi(n) of period m then E,(S) is an antineg-
ative Eulerian subgraph of Br(n — 1) containing m edges. Moreover, if T

is an antinegative Eulerian subgraph of By(n — 1) with m edges, then there
exists an N ASi(n) S of period m such that E,(S) =T.

Proof. Suppose S = (s;) is an N ASg(n) of period m. Then, by Lemma
E,(S) is antinegative in Bg(n —1). Also, trivially, F,(S) contains m edges.
Finally, if (z1,z2,...,2,—1) is a vertex in E,(S5), then the incoming edges
all have distinct labels of the form (x,z1,x2,...,2,-1) for some z, and
correspond to s, () for some i. Then the edges corresponding to s, (i+1) will
have distinct labels of the form (x1,x2, ..., 2,1, y) for some y, and for every
incoming edge there is an outgoing edge, and vice versa. Hence the in-degree
of every vertex is the same as the out-degree, i.e. E,(.5) is balanced. Finally,
note that E,(S) is connected since we only include vertices in E,(S) with
in-degree greater than zero, and the sequence S defines a path incorporating
every vertex in E,(S5).

Now suppose T is an antinegative Eulerian subgraph of Bi(n — 1) with m
edges. Then there exists an Eulerian circuit of length m in T" corresponding
to a sequence S with period m in the natural way. S is clearly an n-
window sequence since the circuit visits every edge exactly once, and each
edge corresponds to a unique n-tuple. It is straightforward to verify that
E,(S) =T. Finally, S is an N'ASy(n) from Lemma [3.1] O

Remark 3.1. In general, for any antinegative Eulerian subgraph of Bi(n—1)
T, there will exist many negative avoiding sequences with edge-graph T,



since there may be many different Eulerian circuits in 7', each corresponding
to a different sequence.

3.3 Implications

Theorem means that if we can construct an antinegative Fulerian sub-
graph of By (n —1) with m edges for ‘large’ m (i.e. with m close to the max-
imum possible), then we will immediately have a set of negative avoiding
sequences with period close to the maximum. As a result, in the remainder
of this paper we consider ways of constructing sets of edges in Bp(n — 1)
that define an antinegative Eulerian subgraph of By(n — 1).

3.4 The Lempel Homomorphism

We next define the Lempel homomorphism D. Following [I8] we give a
simplified version of the definition of Alhakim and Akinwande [2], who gen-
eralised the original Lempel definition [14].

Definition 3.5. Let D : Z} — szl be defined such that
D(a) = (a1 —ap,a2 — a1, ...,an—1 — Qp—2)

where a = (ag,a1,...,an—1) € Z}}. Clearly D is onto; thus we also define
D~ to map an element of Zz_l to the set of its pre-images under D.

We have the following.

Lemma 3.3 (Alhakim & Akinwande, [2]). |D~!(a)| = k for everya € Zz_l.

Since the edges of By(n — 1) are associated with k-ary n-tuples, D induces a
mapping, which we also write as D, from By (n) to Bx(n—1). It is simple to
show that D is a graph homomorphism. In this context we also write D~!
for the pre-image mapping which maps an edge of Bx(n — 1) to a set of k
edges of Bi(n) and each pre-image edge contains corresponding pre-image
vertices.

The following simple result shows the value of D in constructing negative
avoiding sequences.

Lemma 3.4. Supposen > 2 and k > 3. If T is an antinegative subgraph of
the de Bruijn digraph By (n—1) with edge set E, then DY (E), of cardinality
k|E|, is the set of edges for an antinegative subgraph D~Y(T) of Bj(n).
Moreover, the in-degree (out-degree) of any vertex x in DY (T) equals the
in-degree (out-degree) of D(x) in T'; thus, in particular, if T is balanced then
s0 is DY(T).



Proof. Suppose D~Y(T) is not antinegative, i.e. there exist (n + 1)-tuples
a = (ag,ai,...,a,),b = (bo,b1,...,b,) € D7I(E) such that a = —b, i.e.
a; = —b;, for 0 <1 < n.

Suppose also that D(a) = ¢ and D(b) = d, where ¢ = (cp,c1,...,cp-1),d =
(do,dl, C 7dn—1) € F. Hence ¢; = A1 — Q4 and d; = bi+1 —b; for 0 <i <
n — 1. Since a; = —b; for 0 < i < n, for any j (0 < j <n — 1) we have:

Cj = Qj+1 — Q5 = _bj+1 + bj = —dj.

Hence ¢ = —d, but this contradicts the assumption that 7T is antinegative.

Every edge in E corresponds to k edges in D~!(E), and hence |[D™Y(E)| =

It remains to show that every vertex of D~!(T) has in-degree equal to its out-
degree. Suppose x = (x1,2,...,2,) is a vertex of D~(T). For every edge
a = (a,r1,2,...,7,) € D™YT) that ends in x, there is a corresponding
edge D(a) = (x1 —a,z2 — x1,...,%yp — Tp—1) € T that ends in D(x). That
is, the in-degree of x in D™1(T') will equal the in-degree of D(x) in T. An
exactly similar result holds for out-degree. Since every vertex of T' has in-
degree equal to its out-degree, the same holds for D=(T). O

4 A simple bound and some examples
Having established our key underlying ideas, we give the following elemen-
tary bound.

Theorem 4.1. Suppose k >3 and n > 2. If S is a NASk(n) of period m
then

n__on . .
k 22 if k is even

- {k”21 if k is odd
m =

Proof. Clearly, if an n-tuple a is self-negative, i.e. it satisfies a = —a, then
it cannot occur in a N'ASg(n). There is one such n-tuple if & is odd, namely
(0,0,...,0), and 2™ if k is even, namely all n-tuples with entries equal to 0

or k/2. O

Definition 4.1. An NASk(n) (n > 2, k > 3) is said to be mazimal if it
has period meeting the bound of Theorem

In the remainder of this paper we are concerned with determining the ex-
istence of maximal negative orientable sequences for all possible n > 2 and
k > 3. We give three examples showing that such sequences exist for small
values of n and k.



Example 4.1. If £ = 3 and n = 2, then [0, 1,1, 2] is a maximal N AS3(2),
since it has period (32 — 1)/2 = 4.

If k =4 and n = 2, then [1,3,0,1,2,1] is a maximal N AS4(2), since it has
period (4% — 2%)/2 = 6.

If k =3and n = 3 then [0,1,0,0,1,1,1,0,1,2,1,1, 2] is a maximal N AS3(3),
since it has period (3% —1)/2 = 13.

Before proceeding observe that it, if & > 3 and n > 2, it follows immedi-
ately from the definition that if [ag, a1, ..., am—1] is a N ASk(n), then so is
[—ag, —a1,..., —am—1]. Hence if [ag,aq,...,am—1] is a maximal N ASk(n),
then [ag,a1,...,am-1] and [—ag, —ai,...,—a;,—1] contain all the non-self-
negative m-tuples. The self-negative tuples can be arranged to form a se-
quence of period 1 or 2", depending on whether k is odd or even. These
three sequences can be merged to generate a de Bruijn sequence.

5 Maximal sequences for odd n

We next establish the existence of a maximal N ASy(n) for any odd n > 3
and any k > 3.

5.1 Preliminaries

We first need the following concept.

Definition 5.1 ([16]). Suppose u = (ug,uy,...,unp—1) is an n-tuple of ele-
ments of Zg (n > 1, k > 3). Define the function f : Zy — Q as follows: for
any u € Zj treat u as an integer in the range [0,k — 1] and set f(u) = u if
u# 0 and f(u) =¢q/2 if w = 0. Then the pseudoweight of u is defined to be
the sum

where the sum is computed in Q.

As a simple example for k = 3, the 4-tuple (0, 1,1, 2) has weight 0+1+1+42 =
4 and pseudoweight 1.5+ 1+ 1+ 2 = 5.5, since f(0) = %

Definition 5.2 ([18]). Suppose n > 2 and k > 3. Let Eg(n) be the set of
all k-ary n-tuples with pseudoweight less than nk/2.

We can now give a key result.

Theorem 5.1 ([18]). Suppose n > 2 and k > 3. Ey(n) is the set of edges
for an Eulerian subgraph Uy(n — 1), of the de Bruijn digraph Bi(n —1).



We also have the following simple result, which follows immediately given
that, for any k-ary n-tuple a, w*(a) = nk — w*(—a).

Lemma 5.2. Suppose n > 2 and k > 3. Ug(n — 1) is an antinegative
subgraph of the de Bruijn digraph Bi(n —1).

Example 5.1 (cf. Example 5.2 of [18]). As an example, consider the case
k =3 and n = 3. The ten 3-ary 3-tuples having pseudoweight less than 4.5
are

111, 011, 101, 110, 001, 010, 100, 112, 121, 211,

forming the set F3(3). These can readily be arranged to form a N .AS3(3)
of period 10 (less than the maximum possible value which is 13), e.g.:

[1110010112].

While the above analysis immediately shows how to construct an N ASg(n)
for any k and n (from Theorem , the sequences will not be maximal,
since they do not contain any n-tuples with weight exactly kn/2. We next
show how, if n is odd, we can rectify this. We first need to introduce a little
more notation.

Definition 5.3 ([I7]). Suppose n > 2 and k > 3. Let Hi(n — 1) be the
subgraph of By(n — 1) restricted to edges of pseudoweight precisely kn/2.

5.2 The construction

Following [17], we present a simple way of dividing the edges (n-tuples) in
Hy(n — 1) into edge-disjoint circuits. Let (ag,a1,...,an,—1) be a k-ary n-
tuple, i.e. an edge in Bx(n — 1). Let m be the smallest positive integer ¢
such that a; = aj for every i (0 <i < n), where T = x mod n. We write
[ag, a1, ..., an—1] for the circuit in Bi(n — 1) consisting of edges

(ao,al, ey an_l), (al, a...,ap—1, ao), ey (am_l, ey p—1,00,A1, ..., am_g),
and say the circuit has period m.

Lemma 5.3 ([I7]). Suppose k > 3 and n > 3.

i) If (ag,a1,...,an—1) s a k-ary n-tuple of pseudoweight kn/2, i.e. an
edge in Hi(n — 1), then [ag,a1,...,an—1] is a circuit in Hg(n — 1) of
period dividing n.

it) Let Cr,(n — 1) be the set of all circuits of the form [ag,a1,...,an—1],
where (ag,a,...,an—1) is an edge in Hy(n —1); then Cx(n —1) forms
an edge-disjoint partition of the edges in Hi(n — 1).



Observe that if a circuit contains a self-negative n-tuple, then all the n-
tuples in the circuit are self-negative, and we refer to the circuit as being
self-negative.

Definition 5.4. Let C;(n — 1) be the set of non-self-negative circuits in
Ck (n — 1).

The following observation is key.

Lemma 5.4. Suppose k > 3 and n > 3 is odd. No circuit in Cj(n — 1) can
contain both an n-tuple and its negative.

Proof. Suppose not, i.e. suppose
(ao,al, NN ,an_l) = —(a]*-, ajﬁ, ey CL]TI)
where j = j mod n. Hence
a; = (—1)5a78j+i

for every i (0 < i < n) and every s > 0. Setting s = n and observing that n
is odd immediately gives
a; = —a;

for every i (0 < i < n), and hence (ag, a1, ...,a,—1) is self-negative, giving
a contradiction. ]

This immediately gives the following.

Lemma 5.5. Suppose k > 3 and n > 3 is odd. The circuits in Cj(n — 1)
can be divided into pairs, consisting of a circuit and its negative.

We can now describe our simple construction.

Construction 5.1. Suppose & > 3 and n > 3 is odd. Select one of each
pair of circuits in Cj(n — 1), as per Lemma and let Fi(n) be the set
of k-ary n-tuples containing all the n-tuples in Ej(n) together with all the
n-tuples occurring in the selected circuits from Cj(n —1). Let Wi (n —1) be
the subgraph of By(n — 1) whose edges correspond to n-tuples in Fj(n) and
whose vertices belong to these edges.

Lemma 5.6. Suppose k > 3 and n > 3 is odd. Then Wy(n — 1) is an
antinegative Eulerian subgraph of Brp(n — 1), and |Fi(n)| = kn;‘sn, where

0 =1 or 2 depending on whether k is odd or even.

10



Proof. From Theorem and Lemma we know that Ej(n) is the set
of edges for antinegative Eulerian subgraph of Bi(n — 1). All the edges in
Ex(n) have pseudoweight less than kn /2, and hence since they only contain
edges of weight exactly kn/2, neither an n-tuple nor its negative from a
circuit in Cj(n — 1) can equal an n-tuple in Ej(n); moreover, since we only
selected one circuit of each pair from C;(n — 1), it follows that Fj(n) is the
set of edges for an antinegative subgraph of By(n — 1).

If 7 is the number of k-ary n-tuples of pseudoweight exactly kn/2, then
clearly |Ex(n)| = k"2—'r' Moreover, since the circuits in Cj(n — 1) cover all
the non-self-negative n-tuples of pseudoweight exactly kn/2, the number of
n-tuples occurring in a circuit in C;(n — 1) is r — ¢6". Since Fj(n) contains
precisely half the n-tuples occurring in a circuit in Cj(n — 1),

r—46" kE'—r r—0" K"-—4"

It remains to show that the subgraph is Eulerian, i.e. it is balanced and con-
nected. Since Uy(n — 1) is Eulerian (from Theorem [5.1]), and since we are
adding complete circuits to Eg(n), it follows that the subgraph is balanced.
Moreover, every circuit in C;;(n—1) must contain an edge whose correspond-
ing n-tuple contains at least one element in the range [k/2, k — 1], and hence
it must contain an edge on a vertex whose corresponding (n — 1)-tuple has
pseudoweight at most (n — 1)k/2. Now every vertex whose corresponding
(n— 1)-tuple has pseudoweight at most (n — 1)k/2 has ingoing and outgoing
edges in F(n), and hence the subgraph with edge set Fj(n) is connected. [J

Combining Lemma [5.6] with Theorems [3.2] and [4.I] immediately gives the
following.

Theorem 5.7. If k > 3 and n > 3 is odd then there exists a maximal
NASk(n).

Example 5.2 (cf. Example 2.1 of [17]). Suppose n = k = 3. The seven
edges in H3(2) can be partitioned into three circuits:

[000], [012], [021]

of periods 1, 3 and 3, respectively. Thus C5(2) = {[012], [021]}, i.e. it contains
one pair of a circuit and its negative. Choosing one, e.g. [012], and adding it
to the N AS3(3) of Example i.e. [1110010112], we obtain the following
maximal N AS3(3) of period 13:

[1110012010112].

11



5.3 The n even case is not so simple

Things are less straightforward if n is even, since in this case a circuit in
Ci(n—1) can contain both an n-tuple and its negative. Indeed, the following
simple example means that, for n even, we cannot create maximal NASs
simply by taking all tuples of pseudoweight less than nk/2 and then adding
in selected tuples of weight exactly nk/2.

Example 5.3. Suppose k = 3 and n = 4. If a maximal N AS3(4) exists,
then it cannot only contain 4-tuples with pseudoweight less than or equal to
kn/2 = 6. To see why this is true, suppose that S is a maximal N AS3(4)
(i.e. one with period 40) containing only 4-tuples with pseudoweight less
than or equal to 6. It must contain all 31 4-tuples of pseudoweight less than
6, and half the 18 4-tuples with pseudoweight exactly 6.

Next observe that S cannot contain a 3-tuple of the form (2,1,2). If S did
contain an occurrence of (2,1, 2) then such a 3-tuple must be preceded and
succeeded by 1 within S, given that S only contains 4-tuples of pseudoweight
at most 6. However, if S contains the 5-tuple (1,2, 1,2, 1) then S will contain
the 4-tuples (1,2,1,2) and (2,1,2,1), which gives a contradiction since they
are the negative of each other. Hence S cannot contain any 3-tuples of the
form (2,1,2). Now consider the 4-tuples (1,2,1,2) and (2,1,2,1) of weight
6. S must contain one of them — which immediately gives a contradiction
since they both contain the 3-tuple (2,1, 2).

6 Maximal sequences for n = 2

As a first step towards demonstrating the existence of maximal negative
avoiding sequences for all even n, we start by looking at n = 2. We consider
the k£ odd and even cases separately.

6.1 Maximal sequences for n = 2 and k£ odd

Definition 6.1. Suppose k > 3 is odd. Let Y C Zi be the following set of
k-ary 2-tuples:

{(z,y):y—xze{l,2,...,(k—1)/2}} U{(z,z) :z € {1,2,...,(k—1)/2}},

where m denotes m mod k.

Lemma 6.1. Suppose k > 3 is odd. Then:

. 2_
(i) [Yil = 5+

(ii) the 2-tuples in Yy correspond to the set of edges of an Eulerian subgraph
of Bi(1);

12



(iii) if (z,y) € Yy then (=z,=y) & Ys.

Proof. For each of the k possible values for z, there are precisely (k —1)/2
values y for whichy —z € {1,2,...,(k—1)/2}. Hence |Y;| = k(kgl) —l—% =

kzgl, and (i) follows.

Consider any vertex (z) in By(1). If z € {1,2,...,(k —1)/2} then (z) has
in-degree and out-degree (k+1)/2 in the subgraph defined by Y; otherwise
(z) has in-degree and out-degree (k — 1)/2. That is every vertex has its
in-degree equal to its out-degree. To show it is Eulerian it remains to show
that it is connected. Suppose (z) and (y) are distinct vertices. If y —x €
{1,2,...,(k —1)/2} then (z,y) € Yj; otherwise (y,x) € Y}, and hence (ii)
follows.

Finally, if x # y then (z,y) € Y} implies y —z € {1,2,...,(k — 1)/2}, and
hence z —y & {1,2,...,(k—1)/2},ie. (—x,—y) € Y. If x = y then (z,x) €
Yy, implies « € {1,2,...,(k —1)/2}, and hence —z ¢ {1,2,...,(k — 1)/2},
ie. (—z,—x) &€ Yy, and (iii) follows. O

Since, from Lemma ii), the 2-tuples in Y}, correspond to the set of edges
of an Eulerian subgraph of By(1), it is possible to define a sequence S in
which each of the 2-tuples in Y} occurs exactly once. Such a sequence is a
NAS(2) from Lemmal6.1](iii). Moreover, from Lemma i), S has period
|Yi| = % This immediately yields the following from Theorems and
41l

Theorem 6.2. If k > 3 is odd there exists a mazimal N AS(2).

Example 6.1. Suppose k = 3. Then

YSZ{(O> 1)a (132)’ (270)3 (171)}'

These can be joined to create a maximal N AS3(2) of period 4, namely:
[0,1,1,2] (cf. Example {.1)).

6.2 Maximal sequences for n =2 and k even

Construction 6.1. Suppose k > 4 is even. Observe that Ui (1), the Eule-
rian subgraph of By (1) with edge set Ej(2), contains (amongst others) the
edges (0,1), (i,4) for every i, 0 < i < k/2. Let Uj(1) be the subgraph of
By(1) obtained by removing these edges from U (1) and adjoining the edges
(0, —1), (—1i,—1), (—1,4) for every i, 0 < i < k/2.

Lemma 6.3. If k > 4 is even then Uj (1) is an antinegative Eulerian sub-
graph of By(1) containing (k* — 4)/2 edges.

13



Proof. Making the specified modifications to Uk(1) maintains the number
of in- and out-edges to the vertex with label 0, reduces the number of in-
and out- edges to vertex i, 0 < i < k/2, by 1, but not to zero, and increases
the number of in- and out- edges to vertex —i, 0 < ¢ < k/2, by 2. The
subgraph U} (1) is therefore Eulerian as now vertex k — 1 is connected to
vertices 0 and 1, and vertex 1 remains connected to all other vertices. It is
antinegative as the adjoined edges are not negatives of the existing edges or
of each other. Since two edges have been removed and three edges adjoined
for each i, 0 < i < k/2, U/(1) has (k* —k —2)/2+ (k —2)/2 = (k* —4)/2
edges. ]

We them immediately have the following result from Theorems [3.2] and
Theorem 6.4. If k > 4 is even there exists a mazimal N ASk(2).
Example 6.2. Suppose k = 4. Then Uy(1) contains five edges with labels:

{(0,1),(1,0), (1,1), (1,2), (2, 1)}

Creating Uj(1) involves removing edges (0,1) and (1,1) and inserting edges
(0,3), (3,3) and (3,1), i.e. Uj(1) contains the following edges:

{(0,3),(1,0),(3,3),(3,1),(1,2),(2,1)}.
These yield a maximal N AS4(2) of period 6, e.g.: [0,3,3,1,2,1].

7 Maximal sequences for even n > 4

To construct maximal negative avoiding sequences of even order we apply
the pre-image mapping D~! to the subgraph Wy (n — 1) of Construction
for n odd and adjoin to the resulting set of pre-image edges certain additional
edges, as described below. We begin with a lemma about D1 (W (n — 1)).

Lemma 7.1. Suppose n > 3 and k > 3, where n is odd. The subgraph
DY (Wi (n — 1)) of Bi(n) has the following properties:
(i) The number of edges of DY (Wy(n — 1)) is kn“%k‘;n;

(ii) D= Y(Wy(n — 1)) is antinegative;

(i) D~ (Wy(n—1)) is an Eulerian subgraph of the de Bruijn graph By(n).
Proof. Property (i) follows from Lemma Property (ii) follows because
D! preserves antinegativity. Wj(n — 1) is balanced so D~ (W}, (n— 1)) has
this property too. By Theorem 5.5 of [I8] D=1 (Ui (n — 1)) is a connected
subgraph of the de Bruijn graph Bj,(n). Since each circuit of C; (n—1) shares

a vertex with Ug(n — 1) it follows that D~!(W(n — 1)) is also connected.
Hence (iii) holds. O
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Let Ti(n—1) be the subgraph of B (n—1) whose edges correspond to all the
self-negative n-tuples, i.e. edges corresponding to n-tuples with all entries
equal to 0 or k/2, and whose vertices are those on such edges. When k
is odd Ty(n — 1) consists of one edge on one vertex (a loop). When k is
even Tj(n — 1) consists of 2" edges on 2"~! vertices and is isomorphic to
Ba(n—1). So Ti(n — 1) is Eulerian. Let a = [ag, ay, ..., ay] be an Eulerian
circuit in T (n — 1), where m =n—1 (and a¢; = 0,7 =0,1,...,k—1) if k is
odd and m = 2" — 1 if k is even. Now, since > " ja; = 0 as k/2 occurs an
even number of times, D~!(a) can be partitioned into k circuits of By(n),
which may be written as b, = [z, z,...,x] (of length n + 1) if k is odd, and
b, =[x+ bo,x + b1,...,x + ban_o, x] (of length 2") where b; = Z;":o a; if k
is even, where x € Zj,.

Let Zi(n) be the subgraph of By (n) whose edges are the edges of D~ (W},(n))
and the edges of a, for 0 < x < k/2.

Theorem 7.2. Suppose k > 3 andn > 3 is odd. Then Z(n) is an Eulerian
subgraph of Bx(n) and there exists a mazimal N ASk(n +1).

Proof. By Lemma [7.1{i) the number of edges of Z(n) is

Ll _ pgn L—§ ntl _ gntl
+ 6" = ;
2 2 2
where, as before, § = 1 if k is odd and § = 2 if k is even, since each circuit
a, contains 0" edges. Moreover, Zi(n) is an Eulerian subgraph of the de
Bruijn graph Bj(n) from Lemma [7.1(iii) and the fact that the circuits a,
are balanced and share a vertex with D~1(Wj(n)). Also, it is antinega-

tive from Lemma [7.1|ii). Hence there exists an Eulerian circuit in Zj(n),
which corresponds to an N ASk(n + 1) of period kn+12_6n, i.e. a maximal

NAS(n +1). O

The above theorem completes the project of demonstrating the existence of
a maximal N ASg(n) for every n > 2 and every k > 3.

Example 7.1. As an example of the above construction, suppose k = n = 3.
From Examples|5.1{and we can set W3(2) to be the subgraph containing
the 13 edges corresponding to the following 3-tuples:

111,011,101, 110,001,010, 100, 112, 121, 211, 012, 120, 201.
Then D~!(W3(2)) contains the following 39 4-tuples:

0120,0012,0112,0122, 0001, 0011, 0111, 0121, 0101, 0201, 0010, 0100, 0220,
1201, 1120, 1220, 1200, 1112, 1122, 1222, 1202,1212,1012,1121, 1211, 1001,
2012,2201, 2001, 2011, 2220, 2200, 2000, 2010, 2020, 2120, 2202, 2022, 2112.

Z3(3) contains one additional edge, namely a; = 1111, giving a set of 40
4-tuples that can be joined to create a maximal N AS3(4).
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8 Conclusions and open questions

We have introduced a special category of cut-down de Bruijn sequences, the
negative avoiding sequences, and gave an upper bound on their period. We
then showed by construction that the bound is tight for all n > 2 and k& > 3.

The sequences under study are an example of a special category of cut-
down de Bruijn sequences, as are also the orientable and negative orientable
sequences. For n > 2 and k£ > 2, these sequences can be characterised as
follows.

Definition 8.1. Suppose p is a self-inverse permutation (i.e. satisfying
p~! = p) on the set of k-ary n-tuples, i.e. on the set Zz. Then a pair-selecting
sequence for the permutation p is a k-ary cut-down de Bruijn sequence of
span n with the property that if the n-tuple a occurs in the sequence then
p(a) does not.

It is simple to see that orientable, negative orientable and negative avoiding
sequences are all examples of pair-selecting sequences for appropriate choices
of p:

e for a negative avoiding sequence, p is defined so that p(a) = —a;

e for an orientable sequence, p is defined so that p(a) = a’*;

e for a negative orientable sequence, p is defined so that p(a) = —alt;

where for any n-tuple a, a’* denotes the n-tuple obtained by reversing the
order of its entries. It should thus be clear that these three categories of
sequence are closely related in some sense, although, unlike the case for neg-
ative avoiding sequences, the problem of determining the maximum possible
period of orientable and negative orientable sequences remains unresolved
for all but small n (see, for example, [17]).

More generally, one might ask whether it is possible to obtain more general
results on such sequences applying for large classes of permutation p. One
obvious result is that the upper bound on the period of such a sequence will
always be kngf " where f is the number of fixed points of the permutation
p. Of course, this bound will not always be sharp, as is demonstrated by
orientable and negative orientable sequences for which smaller upper bounds

can be derived.

A special case of this question would be where the permutation p derives
from a self-inverse permutation of the elements of Zg, as is the case for
negative avoiding sequences. It would interesting to know whether the trivial
upper bound on the period is always achievable in this case.

16



The simplest case of this is when k£ = 2 and p simply switches 0 to 1 and
vice versa; in this case there are no fixed points, i.e. f = 0, and hence a
maximal sequence has period 2”71, If S is such a maximal sequence, then
p(S), i.e. S with every bit switched, is clearly also a maximal sequence, and
between them S and p(S) contain every possible n-tuple exactly once in a
period. We refer to such a pair of maximal sequences as a complementary
pair.

If n is odd then a simple construction involves the set of binary n-tuples of
Hamming weight less than n/2. That this set defines an Eulerian subgraph
of Ba(n — 1) was established by Ruskey at al. [23], as observed in Section
The size of the set is clearly 27! and hence it can be used to create a
maximal period sequence.

However, for n even, life is not quite so simple. No such sequence exists for
n = 2 and, for n = 4, [11110010] is a unique example of a maximal sequence
(unique up to reversal and switching zeros and ones). Sequences for every
n > 4 can be derived using the inverse Lempel homomorphism, as discussed
— using different terminology — by Lempel [14, Section III]. In fact, as
per [14] Corollary 1], there is a 1-1 correspondence between even weight de
Bruijn sequences of span n and complementary pairs of sequences with span
n + 1, and, of course, every de Bruijn sequence of span greater than 1 has
even weight.
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